We extend the scope of Balmer's tensor triangular Chow groups to compactly generated triangulated categories that only admit an action by a compactly-rigidly generated tensor triangulated category as opposed to having a compatible monoidal structure themselves. The additional flexibility allows us to recover the Chow groups of a possibly singular algebraic variety X from the homotopy category of quasi-coherent injective sheaves on X . We are also able to construct localization sequences associated to restricting to an open subset of Spc( c ), the Balmer spectrum of the subcategory of compact objects c ⊂ . This should be viewed in analogy to the exact sequences for the cycle and Chow groups of an algebraic variety associated to the restriction to an open subset.
Introduction
Let be a tensor triangulated category, i.e. a triangulated category with a compatible symmetric monoidal structure, and assume that is essentially small. The article [Bal13] introduced, for p ∈ a concept of cycle groups Z ∆ p ( ) and Chow groups CH ∆ p ( ) for these categories, defined in analogy to a K-theoretic description of the usual cycle groups and Chow groups of an algebraic variety (from [Qui73] ). In [Kle14] it was shown that these tensor triangular Chow groups recover the usual Chow groups of a non-singular algebraic variety X when = D perf (X ), the derived category of perfect complexes on X , and that they possess reasonable functoriality properties. Furthermore, in [Kle15] , it is demonstrated that under specific circumstances, one can even define an intersection product on the groups CH ∆ p ( ).
The aim of the article at hand is to extend the flexibility of the approach in two directions: so far, we do not have a notion of tensor triangular Chow groups for triangulated categories that do admit a compatible symmetric monoidal structure but are not essentially small, e.g. the (unbounded) derived category of quasi-coherent sheaves D(X ) of a noetherian scheme. Furthermore, we might ask whether we can replace a symmetric monoidal structure by something weaker. In order to address these issues, we consider tensor triangulated categories which are compactly-rigidly generated (see Definition 2.7) and have an action on a triangulated category (which need not have a monoidal structure) in the sense of [Ste13] . The action of on gives rise to an associated support theory for objects of which we use to define relative tensor triangular cycle groups and relative tensor triangular Chow groups
for p ∈ (see Definition 2.5). When we set = and let act via its own monoidal structure, the new definition recovers the old one one in the sense that Z However, our newly gained flexibility also allows us to recover the cycle groups and Chow groups of a possibly singular algebraic variety. In Section 4 we consider the action of the derived category D(X ) of a noetherian scheme on the category K(Inj(X )), the homotopy category of the category of quasi-coherent injective sheaves on X (see Proposition 4.1). This enables us to prove the following result: ( , ) make use of Balmer's spectrum Spc( c ) of the essentially small tensor triangulated category c (see [Bal05] ). If U ⊂ Spc( c ) is an open subset, there are associated Verdier quotients U of and U of . The triangulated category U remains compactlyrigidly generated and there is an induced action of U on U (see Lemma 5.1). Furthermore, if Z denotes the closed complement of U, we have a triangulated subcategory Z ⊂ to which the action of restricts. For example, if X is a noetherian separated scheme, U ⊂ X an affine open, = D(X ) and = K(Inj(X )), then Spc( c ) ∼ = X , U = D(U) and U = K(Inj(U)) (see Corollary 4.5). In this case, the subcategory Z consists of all those complexes of K(Inj(X )) that have homological support contained in Z. Our main result for this situation is the following: 
Theorem (4.8). Let X be a separated scheme of finite type over a field. Endow Spc(D(X ) c ) = X with the opposite of the Krull codimension as a dimension function. Then for all p ≤ 0, we have isomorphisms
The above exact sequences should be compared to the corresponding ones for cycle groups and Chow groups of algebraic varieties (see [Ful98] and Remark 5.11). At the moment the author does not know whether we have im(ι p ) = ker(ℓ p ) in this generality. However, we are able to give a criterion for when the map ℓ p is an isomorphism:
is an isomorphism.
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Preliminaries

Tensor triangular Chow groups for essentially small tensor triangulated categories.
We first summarize the parts of the theory of Chow groups for essentially small tensor triangulated categories which are are relevant for us.
2.1
Definition. An essentially small triangulated category is called tensor triangulated if it comes equipped with a compatible symmetric monoidal structure ⊗ : × → , i.e. if the functor ⊗ is exact in both variables and the two isomorphisms
differ by a sign −1 at most. An essentially small tensor triangulated category is called rigid if there is an exact functor D : op → and a natural isomorphism Hom
Recall from [Bal05] that for such a category, we have a notion of spectrum, a spectral topological space Spc( ) such that every object a ∈ has a support supp(a) ⊂ Spc( ), a closed subset. In the case = D perf (X ), the derived category of perfect complexes on a quasi-compact, quasi-separated scheme X , one obtains Spc( ) ∼ = X and supp(a • ) = supph(a • ) under this isomorphism, where supph(a • ) is the homological support of the complex of sheaves a
• . If = kG-stab, the stable category of finitely generated left kG-modules for a finite group G and a field k, we have Spc( ) = G (k), the projective support variety of G over k, and supp(M ) = G (M ) under this isomorphism, the variety of the module M .
Definition
such that the following two conditions hold:
1. If Q, P are points of Spc( ) such that Q ∈ {P}, then dim(Q) ≤ dim(P).
2. If Q ∈ {P} and dim(Q) = dim(P) ∈ , then Q = P.
For a subset V ⊂ Spc( ), we define dim(V ) := sup{dim(P)|P ∈ V }. For every p ∈ ∪ {±∞}, we define the full subcategory → ♮ , where ♮ is an idempotent complete triangulated category such that every exact functor → with triangulated and idempotent complete factors uniquely through J (see [BS01] ).
Fix a dimension function dim on
and consider the diagram
where I , J denote the obvious embeddings and Q is the Verdier quotient functor. After applying K 0 we get a diagram
where the lowercase maps are induced by the uppercase functors. 
The p-dimensional Chow group of is defined as 
for all p ∈ .
Actions of tensor triangulated categories
We want to extend the scope of tensor triangular cycle groups and Chow groups to categories which need not be essentially small or even have a monoidal structure. Here, we lay the foundations for Section 3.
Definition.
A triangulated category is called a compactly-rigidly generated tensor triangulated category if
is a compactly generated triangulated category. We implicitly assume here that has set-indexed coproducts. Note that this implies that is not essentially small.
(ii)
is equipped with a compatible closed symmetric monoidal structure
with unit object . Here, a symmetric monoidal structure on is closed if for all objects a ∈ the functor a ⊗ − has a right adjoint hom(a, −).
(iii) is compact and all compact objects of are rigid. Let c ⊂ denote the full subcategory of compact objects of . Then we require that ∈ c and that all objects a of c are rigid, i.e. for every object b ∈ the natural map is not essentially small since it has set-indexed coproducts. Hence it cannot be a tensor triangulated category in the sense of Definition 2.1. However, the triangulated subcategory of compact objects c ⊂ is of this type: our assumptions guarantee that the full subcategories of compact and rigid objects coincide (see [HPS97, Theorem 2.1.3(d)]) and that the tensor product restricts to c . Furthermore c is rigid: the functor D of Definition 2.1 is given by hom(−, ).
2.9
Convention. Throughout, we assume that is a compactly-rigidly generated tensor triangulated category that satisfies the following conditions:
(i) The essentially small tensor triangulated category c is equipped with a dimension function dim and Spc( c ) is a noetherian topological space.
acts on a (fixed) compactly generated triangulated category via an action * in the sense of [Ste13] .
Let us briefly recall from [Ste13, Definition 3.2] what it means for to have an action * on . We are given a biexact bifunctor * : × → that commutes with coproducts in both variables, whenever they exist. Furthermore we are given natural isomorphisms
for all objects X , Y ∈ , A ∈ . These natural isomorphisms should satisfy a list of natural coherence conditions which we omit here and refer the reader to [Ste13, Definition 3.2].
2.10 Remark. The assumption on the noetherianity of Spc( c ) simplifies some aspects of the sequel. For example, we do not need to distinguish between Thomason subsets of Spc( c ) (unions of closed subsets with quasi-compact complements) and specialization-closed subsets. Furthermore, all points of Spc( c ) are visible under this hypothesis, meaning there exist for each point
Remark.
With this definition, a compactly-rigidly generated tensor triangulated category as in Definition 2.7 has an action on itself via ⊗. The natural isomorphisms α X ,Y,A , l A are then given by the associator and unitor of the symmetric monoidal structure on and one checks that all the required coherence conditions hold as the coherence conditions for the monoidal structure on are satsified and the bifunctor ⊗ is compatible with the triangulated structure on . The functor ⊗ always preserves coproducts in both variables for any closed symmetric monoidal structure on any category, since the functor a ⊗ − has a right adjoint for all objects a ∈ (see e.g. [HPS97, Remark A.2.2]). . Given a Bousfield subcategory , every object a ∈ fits into a distinguished localization triangle
where the acyclization functor Γ is given as the composition of the inclusion → and its rightadjoint. This triangle is unique up to unique isomorphism among all triangles of the form x → a → y → Σx with x ∈ and y ∈ ⊥ := {b ∈ : Hom (l, b) = 0 ∀l ∈ }. If is as in Definition 2.7, and ⊂ is a smashing subcategory, it can be shown that the localization functor L is given by L ( ) ⊗ − and that Γ is given as Γ ( ) ⊗ −. Furthermore, if ⊂ c is a thick triangulated subcategory such that c ⊗ = (i.e. is a thick tensor ideal) then 〈 〉, the smallest localizing subcategory of containing , is a smashing subcategory.
Following [BF11] , we can assign to every object a ∈ a support supp(a) ⊂ Spc( c ): given a specialization-closed subset V ⊂ Spc( c ), we have a distinguished triangle
where Γ V and L V are the acyclization and localization functors associated to the smashing ideal that is generated by the thick ⊗-ideal of objects in c with support contained in V . For objects a ∈ , we set
Bousfield localization functor on , associated to the Bousfield subcategory Γ V ( ) * , and for each object a ∈ we obtain localization triangles
Since the functor L V ( ) * − preserves coproducts by our assumptions on the action * , it follows from [Kra10, Proposition 5.5.1] that the subcategory Γ V ( ) * is even smashing. For a point x ∈ Spc( c ) the subsets {x} and Y x := {P ∈ Spc( c ) : x / ∈ {P}} are specialization-closed and so we define the "residue object"
For a ∈ , we now define the support of an object a ∈ as supp(a) :
In [Ste13] , the same residue objects are used to define supports for objects of . For an object b ∈ , set Γ x b := Γ x * b, then we define the support of b as
This notion of support gives us a way to describe certain subcategories of . A triangulated subcategory ⊂ is called localizing -submodule if it is a localizing subcategory such that * ⊂ . We obtain order-preserving maps
where the ordering on both sides is given by inclusion (see [Ste13, Definition 5.9]).
We record the following properties of the support that will be very useful for the sequel.
Proposition
be a subset closed under specialization and a be an object of . Then 
which implies that a = 0.
For p ∈ , let 
where Γ x denotes the essential image of the functor Γ x ( ) * −.
We can also describe the compact objects of Γ p in a similar fashion: Since a is compact, it follows that f must factor through a finite coproduct of objects b s , which, by the definition of morphisms of i∈I i , means that f i must do so. Hence, a i is compact.
We give another description of Γ p that will elucidate its relation to Definition 2.5. For p ∈ , define 
Proof. Let a ∈ Γ V , then we have an isomorphism a ∼ = Γ V a ′ . By Proposition 2.13, we know that supp(a) = supp(Γ V a ′ ) = supp(a ′ ) ∩ V , from which it follows that supp(a) ⊂ V . Thus, a ∈ τ (V ). Conversely, assume that a ∈ τ (V ). Consider the localization triangle
As supp(a) ⊂ V , it follows again from Proposition 2.13 that supp(L V a) = and therefore L V a = 0 by the local-to-global principle, as shown in Remark 2.16. Therefore Γ V a ∼ = a which implies that a ∈ Γ V .
Lemma
Proof. Let a be an object of τ (V ), b an object of τ (W ) and f : a → b a morphism in . Consider the commutative diagram
obtained by the functoriality of localization triangles. It follows from Proposition 2.13 that Γ V a ∼ = a and hence, f factors through
Lemma 4.7.1] we deduce that the inclusion τ (V ) → induces a fully faithful functor
The essential image of this functors equals the essential image of the Verdier quotient → /τ (W ) restricted to τ (V ). Composing the functor (1) with the right-adjoint of the Verdier quotient → /τ (W ), we obtain a fully faithful functor
it remains to show that its essential image is L W ( ) * (τ (V )). But this is clear, since L W ( ) * − is by definition given as the composition of the Verdier quotient functor
→ /τ (W ) and its right adjoint.
The following statement is the desired description of Γ p .
Lemma. Suppose that the action of on satisfies the local-to-global principle and let p ∈ . There is an equality of subcategories
where we view the latter quotient as the essential image of the functor L V ≤p−1 ( ) * − restricted to (p) via Lemma 2.21.
Proof. If a is an object of Γ p , we have supp(a) ⊂ V p ⊂ V ≤p , so we certainly have a ∈ (p) . Consider the localization triangle
where supp(Γ V ≤p−1 a) = V ≤p−1 ∩ supp(a) = by Proposition 2.13. Thus, we have Γ V ≤p−1 a ∼ = 0 and we obtain an isomorphism a ∼ = L V ≤p−1 a, which proves that a is in the essential image of L V ≤p−1 ( ) * − restricted to (p) . On the other hand, if a is an object of the essential image of L V ≤p−1 ( ) * − restricted to (p) , there exists an object a ′ of (p) such that a ∼ = L V ≤p−1 a ′ . By Lemma 2.20, we know that supp(a ′ ) ⊂ V ≤p . But then by Proposition 2.13,
We finish the section with a useful result about the subcategories τ (V ) for a specialization closed subset V ⊂ Spc( c ).
Proposition. Suppose that the action of on satisfies the local-to-global principle and let V ⊂ Spc( c ) be specialization-closed. Then τ (V ) is compactly generated and there is an equality of subcategories
In particular (p) = τ (V ≤p ) is compactly generated for all p and
Proof. As the set V is specialization-closed, it follows from [Ste13, Corollary 4.11] that Γ V is compactly generated. But Γ V is equal to τ (V ) by Lemma 2.20, and so it is compactly generated. The subcategory τ (V ) is precisely the kernel of the coproduct-preserving localization functor L V ( ) * −: indeed, if a is an object of τ (V ), then by Proposition 2.13
which implies that L V a = 0 as we have assumed the local-to-global principle, and hence a ∈ ker(L V )( ) * −. On the other hand, if we assume that a ∈ ker(L V ( ) * −), then from the localization triangle
we obtain that a ∼ = Γ V a. But supp(Γ V a) = supp(a) ∩ V ⊂ V by Proposition 2.13, which implies that a ∈ τ (V ).
By In the light of the equality of subcategories of Proposition 2.23, we will simply use the notation
if the local-to-global principle holds. Before we continue to the main definitions of the article, let us give a notational overview for the reader's convenience.
Table of notations
c ) Acyclization and localization functor associated to a specialization-
Relative tensor triangular Chow groups
In addition to the hypotheses from Convention 2.9, we will assume that the local-to-global principle holds for the action of on for the rest of the section. For clarity's sake, we will still explicitly mention this hypothesis in the formulation of the results.
The category (p) is compactly generated for all p ∈ by Proposition 2.23. We therefore have that
c is the thick closure of
Theorem 5.6.1]). Thus, we get an injection
Furthermore, the quotient functor
and the embedding
.
Definition. We define the p-dimensional tensor triangular cycle groups of , relative to the action of and the p-dimensional tensor triangular Chow groups of , relative to the action of as follows:
and CH 
Proposition. Consider the action of on itself via the tensor product ⊗ and assume that the local-toglobal principle holds for this action. Then we have isomorphisms
Z ∆ p ( , ) ∼ = Z ∆ p ( c ) and CH ∆ p ( , ) ∼ = CH ∆ p ( c ) .
Proof. By definition we have Z
and Remark 3.3 shows that the category
by Definition 2.5. The notions of rational equivalence agree as well as the maps j, q, i from Definition 3.1 are equal to the corresponding maps from Definition 2.5.
Let us work out a brief example computation which will be generalized in Section 4. Let X be a noetherian separated scheme and let D(X ) := D(Qcoh(X )) be the full derived category of complexes of quasi-coherent X -modules. The category D(X ) is a compactly-rigidly generated tensor triangulated category with arbitrary coproducts (see [ Proof. By the criterion of [Ste13, Proposition 6.8] it suffices to show that D(X ) arises as the homotopy category of a monoidal model category, which is the main result of [Gil07] .
Corollary. We have isomorphisms
and
for all p ∈ . In particular, if X is non-singular, of finite type over a field and we equip D(X ) c with the opposite of the Krull codimension as a dimension function, we have
Proof. This is an immediate consequence of Proposition 3.4 and the agreement theorem of [Kle14] .
The local-to-global prinicple holds for the action of D(X ) on itself by Lemma 3.5.
The homotopy category of quasi-coherent injective sheaves and singular varieties
In this section, we illustrate the definitions given in Section 3 by discussing the category K(Inj(X )), the homotopy category of complexes of injective quasi-coherent sheaves on a noetherian scheme X . The category K(Inj(X )) is a compactly generated triangulated category with
the bounded derived category of coherent sheaves on X (see [Kra05] ). The equivalence can be given explicitly by taking a bounded complex of coherent sheaves to a quasi-isomorphic complex of injective quasi-coherent sheaves.
Let us also recall the definition of the mock homotopy category of projectives K m (Proj(X )) from [Mur07] . It is defined as the Verdier quotient K(Flat(X ))/E(X ), where Flat(X ) denotes the category of flat quasi-coherent sheaves on X and E(X ) is the localizing subcategory consisting of those complexes
• such that • ⊗ is acyclic for every quasi-coherent sheaf . The category K m (Proj(X )) is a compactly generated tensor triangulated category. Proof. The category K(Flat(X )) is a tensor-triangulated category with tensor product the usual tensor product of chain complexes. It has an action on K(Inj(X )) which is also given by said tensor product since, on a noetherian scheme, the tensor product of a complex of flat quasi-coherent sheaves with a complex of injective quasi-coherent sheaves is of the latter type again (see [Mur07, Lemma 8.2 and preceding remark]). The axioms for an action of Section 2 are satisfied in this case, since the tensor product of chain complexes makes the homotopy category of all quasi-coherent sheaves of modules on X a symmetric monoidal category which contains both K(Flat(X )) and K(Inj(X )). This action factors through K m (Proj(X )), since by [Mur07, Lemma 8.2] the complex F ⊗ D is contractible when F ∈ E(X ) and D is a complex of injective quasi-coherent sheaves. The category D(X ) admits a monoidal embedding into K m (Proj(X )) by taking K-flat resolutions (see [Mur07, Section 5]) and we define the action of D(X ) on K(Inj(X )) as the restriction of the action of K m (Proj(X )) on K(Inj(X )). The local-to-global principle holds for this action by Lemma 3.5.
The above implies that we have an associated support theory for the action of D(X ) on K(Inj(X )) which assigns to every object of K a support in Spc(D(X ) c ) = X . Let us show next that the K(Inj(X )) behaves well under smashing localizations. Recall from [Ste13, Section 8] that for an open subscheme U ⊂ Spc(D(X )) = X with closed complement Z, we have an associated smashing localization K(Inj(X )) U given as the essential image of the functor
where C • is taken to be homotopically minimal (see [Kra05] ).
Lemma (see [Kra05, Proposition 6.9]). Let i : U → X denote the inclusion of the open subscheme U.
The functor i
induces an equivalence
4.3 Remark. The associated localization functor on K(Inj(X )) is given by i * • i * (−) (see [Kra05] ). It realizes the Verdier quotient functor inside K(Inj(X )). Proof. By definition, the category K(Inj(X )) U is given as the essential image of the functor 
Let us check now that the notion of support obtained from the action of D(X ) on K(Inj(X )) is a familiar one.
Proposition. Assume that X is a noetherian separated scheme. Let
• be a cohomologically bounded complex of sheaves with coherent cohomology in K(Inj(X )). Then supp( 
, which makes the following diagram commute (and is, in fact, defined by this property):
Identifying Spc( (U) c ) with U and taking a cover (U i ) i∈I of Spc( c ) consisting of quasi-compact opens one then obtains the formula
where Z i denotes the complement of U i in Spc( c ) (see [Ste13, Remark 8.9] ). In our specific situation, this is used as follows: we take an affine open cover of (U i ) i∈I of Spc(D(X ) c ) = X and obtain for every open U i ⊂ X with complement Z i an action of the category
. From the commutativity of diagram (2) we see that this is just the usual action obtained by taking K-flat resolutions and taking tensor products. Using the identities (3) and
it suffices to show that for each affine patch U i = Spec(A i ) and every homologically bounded complex E • of injective A i -modules with finitely generated total cohomology, supp D( 
when H * (E • ) is bounded and finitely generated.
4.7 Corollary. Let X be a noetherian separated scheme and p ∈ . Then the category (K)
Proof. The subcategory of compact objects of K(Inj(X )) can be identified with the full subcategory of those complexes that come from injective resolutions of objects in D b (X ), and thus they are cohomologically bounded and have coherent cohomology. By Proposition 4.6, it follows that for these complexes, supp coincides with supph, and so K(Inj(X ))
consists of those complexes in K(Inj(X )) c whose cohomology is supported in dimension ≤ p. These exactly correspond to the complexes of D b (X ) whose cohomology is supported in dimension ≤ p. 
From this, we can compute Z
and j•q(ker(i)) (see Definition 3.1) equals the subgroup of cycles rationally equivalent to zero under this isomorphism.
Restriction to open subsets
Let U ⊂ Spc( c ) be an open subset with complement Z. If we denote by Z the smashing ideal in generated by the subcategory ( c ) Z ⊂ c of all objects with support contained in Z, then the quotient category U := / Z is a tensor triangulated category satisfying all the assumptions made at the beginning of this chapter, whose spectrum Spc( c U ) can be identified with U. Furthermore, if acts on , we obtain an induced action on the category U := L Z ( ) * (see [Ste13, Proposition 8.5]). We will show that the localization functor induces surjective maps
The kernels of these maps can be described with the help of the relative cycle and Chow groups that we introduced in the previous section. 
Thus it suffices to show that for a ∈ U , we have that 〈a〉 * = 〈Γ x ( ) * a|x ∈ Spc( 
